The wake behind a circular cylinder is studied to investigate the complex vortex shedding physics in the near-wake region. Both the Q criterion and a Lagrangian coherent structure (LCS) analysis are applied to ow elds acquired from a numerical simulation as well as from experimental particle image velocimetry (PIV) to determine the properties of the wake. A rate-of-strain lter is applied to the nite-time Lyapunov exponent (FTLE) eld to lter out ridges corresponding to local shear, and yields ridges along which uid trajectories separate hyperbolically. This strain lter reveals a sudden loss of hyperbolicity along an LCS as a new vortex begins to form. The LCS are also shown to identify and track topological Lagrangian saddle points in the cylinder near wake. This information characterizes the behavior of the vortices as they form, shed, and convect downstream. 
Introduction
The wake behind a circular cylinder is a canonical ow that has implications in the control of vortex shedding from a variety of blu bodies. At low Reynolds numbers based on cylinder diameter (Re > 47)
an unsteady wake develops behind the circular cylinder due to instabilities in the separation bubble that result in periodic shedding of vortices in a 2S pattern, or von Kármán vortex street.
1 This vortex shedding results in oscillating uid forces being experienced by the cylinder that lead to the risk of problems related to structural fatigue.
2, 3
At Reynolds numbers below the critical value of 47, a steady separation bubble forms in the wake of the cylinder. As the Reynolds number increases beyond 47, the transition to the unsteady wake occurs. The physical mechanism that brings about this change has been analyzed and discussed thoroughly in previous studies. The formation of a vortex behind the cylinder at Reynolds numbers below 350 is attributed to the presence of high shear near the base of the cylinder along with the induced velocity eld caused by the momentum decit.
4 As the vortex grows, its induced velocity begins to pull uid from the opposite shear layer towards the vortex core.
5 Since this uid is from the opposite shear layer, it has opposite vorticity and causes the vortex to push away from the cylinder. Once it begins to move downstream, it no longer has access to the strong shear that formed it, so the vortex strength no longer increases. Inside the separation bubble, vortex sheets undergo multiple folds that eventually lead to the vortex roll-up. 6 It was later found that an absolute instability in the near wake creates a self-sustaining motion of uid just behind the cylinder that allows the uid to enter the separation bubble in an alternating periodic manner. 7 This absolute instability determines the shedding frequency of the vortices by controlling the rate at which the uid enters the separation bubble. The interaction between the two sides of the cylinder wake was further studied by placing a small control cylinder in the shear layer on one side of the wake.
8 When the small cylinder was placed correctly at Reynolds numbers below 100 the shear layer interactions were inhibited in the wake just downstream of the main cylinder, and the vortex shedding was eectively eliminated. Similarly, a numerical study of a constricted channel ow proposed that a wave instability leads to the amplication of the pressure gradient leading to vortex splitting, and eventually vortex shedding.
9
In the past couple of decades, an increasing number of studies have been focused on stability analysis of the cylinder wake. A low-dimensional dynamical system approach using an incompressible potential ow model of the cylinder wake 10 found that vorticity perturbations introduced anywhere on the symmetry line in a steady wake (Re < 48) decayed, but vorticity perturbations introduced on the symmetry line outside of the separation bubble grew and caused the transition to the unsteady vortex street if the Reynolds number was above 48 . A numerical study that looked for the mechanism that sustains the wake oscillation at Reynolds number above the critical value found that any small, localized disturbance propagated both up and downstream. When the disturbance reached the cylinder, it caused oscillation in the separation bubble leading to the global instability.
11
The receptivity of the cylinder wake was also examined in detail with structural stability analysis.
12 Stability analyses such as these are useful for determining the mechanism that dominates the unsteady shedding.
Many research groups have recently explored controlling the shedding o a circular cylinder with active or passive ow control techniques. The use of synthetic jets 13 at Reynolds numbers of 500 and 3900 both showed a reduction in drag coecient by approximately 12%. Low power electrohydrodynamic actuators were shown to have a signicant eect on the qualitative structure of the wake at Re = 2500, but at Reynolds numbers of the order of 50,000 they had a small eect on the time-averaged separation location.
14 By attaching longitudinally oriented o-rings to the cylinder, 15 a drag reduction of 9% was realized at Re = 120, 000. This drag reduction was thought to be due to the elongation of the vortex formation region. The addition of v-cut microgrooves to the cylinder surface 16 created a 7.6% drag reduction at Re = 3600, but a 4.2% drag increase at Re = 36, 000. Dielectric barrier discharge plasma actuators were used to demonstrate a drag reduction of 32% at Re = 15, 000, but required 50 times more power than was conserved from drag reduction. 17 A combination of suction and blowing was numerically shown 18 to eectively eliminate the oscillatory forces on the cylinder at Reynolds numbers up to 1000. While several techniques at low Reynolds numbers have shown adequate control of vortex shedding, the techniques require a signicant amount of power, lose their eectiveness, or cost too much to implement in most practical applications at Re = O(10 5 − 10 9 ). The goal of the current research is to obtain a dierent representation of the ow that could lead to the development of a system that adequately controls the unsteady shedding at a reasonable power requirement for a range of parameters.
Previous attempts to determine the coherent vortex structures in the wake primarily used Eulerian techniques, which are based on the instantaneous velocity eld and its gradient. Combined with a closed-loop control scheme, inclusion of an LCS analysis in a combustion ow control application increased mixing in simulated ow around a square cylinder.
32
In that work, wall-tangential velocity sensors were correlated with the characteristics and behavior of the local LCS, and wall-tangential velocity actuators were driven to increase the LCS interaction in the downstream wake. The current study is attempting to gain the understanding of a canonical blu body shedding ow that would be necessary to apply similar strategies to alter the dynamics of shedding.
In general, an LCS analysis yields co-dimension one structures in a ow eld. These structures correspond to lines and surfaces in two and three-dimensional ows, respectively. By implementing the analyses in specic ways, both attracting and repelling manifolds are obtained. The work presented in this paper primarily focuses on the behavior of topological Lagrangian saddle points, identied as intersections of these attracting and repelling lines in the two-dimensional cylinder wake. The current study analyzes the dynamics of vortex-bounding Lagrangian saddle points using data from both a numerical simulation and experiments. While the two data sets are not matched in Reynolds number, the saddle point dynamics are the same in both cases. Lagrangian saddle point dynamics have also been shown to be present and important in three-dimensional turbulent ows, and the emergence of saddles was shown to accompany the birth of secondary hairpin vortices in a turbulent channel DNS. 
The Q value is dened as the relative dierence between the magnitude of the rate of rotation and strain tensors (and is the second invariant of the rate of deformation tensor):
where ||Ω|| represents the Euclidean (Frobenius) norm of Ω. Locations in the ow with positive Q values are dened as vortices using this criterion, as they contain local rotational motion.
While the Q criterion is Galilean invariant, or unaected by translations of the frame of reference, it can lead to misrepresentation of vortices when there are rotating or accelerating frames of reference. While this is not the case in the current example, it does aect the broader applicability of any derived identication and tracking schemes. This criterion can nd vortex cores eectively in non-accelerating frames, but even then a subjective threshold such as a percentage of the maximum value across all times is often dened as the boundary of the vortex in practical implementation. This is especially true in noisier experimental data sets and three-dimensional ows.
B. Lagrangian Coherent Structure Analysis
LCS analysis was initially introduced to the uid mechanics community by Haller, 23 which extracted Lagrangian coherent structures from the nite-time Lyapunov exponent (FTLE) eld. The ridges of high FTLE indicate candidate material lines in the ow where particle trajectories diverge in time. The ridges have been used eectively to mark the transport boundaries in a given ow eld. This is in contrast to more recent work that locates elliptic LCS, which can be described as the boundaries of coherent sets of uid that make up vortices.
39 For this work, the analysis code that was originally developed by Green et al. 24 was used to generate the FTLE elds from which the LCS are extracted. In order to calculate an FTLE eld, particle tracers must be tracked for a nite amount of time, for which velocity data for the spatial domain and temporal range of interest must be available. At a given instant of time (t 0 ), a ne grid of particle trajectories is initialized in the domain (x  ) and are advected forward in time using a fourth-order Runge Kutta integrator. With x(x 0 , t 0 , τ ) dened as the uid trajectory locations at time τ that were initialized
at (x 0 , t 0 ), the FTLE value is dened on x  as:
where the coecient of expansion, σ τ , is the largest eigenvalue of the Cauchy-Green strain tensor dened as:
Here, * indicates the matrix transpose.
At each point in space, FTLE is a scalar measure of the maximum rate of separation over an integration time τ between two particles that were initially separated by a nitely small distance near that point. If a group of particles travel together, for example in a uniform ow, the local FTLE value is very small. If the two particles are on either side of a hyperbolic LCS, their trajectories will hyperbolically repel over time, causing the local FTLE value to be high. The FTLE scalar eld is calculated on the grid of initial trajectory points, and the regions of large-magnitude positive FTLE create maximizing ridges. We dene these maximizing ridges as Lagrangian coherent structures, and they are extracted using a xed threshold of the FTLE values. It is important to note that changing the threshold value for FTLE ridge extraction does not change the location or shape of the coherent structures identied, only the thickness of the ridges.
The FTLE calculation initialized at time t 0 can also be performed by advecting uid trajectories in negative time. Regions of large magnitude negative-time FTLE will indicate ridges that are attracting ow at time t 0 , as uid trajectories that stretch apart when integrated in negative time are attracted to a local region when advected in positive time. Therefore, if the values are integrated in both positive and negative (forward and backward) time, both repelling FTLE ridges (pLCS) and attracting FTLE ridges (nLCS) at initial time t 0 can be extracted using the maximum eigenvalues of the two dierent Cauchy Green strain tensors. For both positive-and negative-FTLE, the scalar elds are dened at t 0 , and those scalar elds indicate the current ow attraction and repulsion, and are therefore representative of the current ow topology. To calculate the FTLE elds at a later time, for example at the next phase of velocity data The FTLE has been demonstrated to be robust to velocity eld errors that are small in magnitude or short in duration.
43 Having poor spatial or temporal resolution can have a negative eect on the exact LCS location in some cases, but the mean location of the LCS is not aected.
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In the present study, we apply a rate-of-strain lter on the FTLE ridges to ensure that only those with hyperbolically attracting or repelling behavior, as is expected at coherent structure boundaries, are captured and not those that indicate shear strain.
43, 45
The lter was applied to each time set of LCS independently and is dened using the inner product of the rate of strain and the LCS normal vector as:
where ·, · is the vector inner product and n(t 0 , x 0 ) is the normal vector to the LCS. LCS are considered hyperbolically attracting or repelling if this lter is positive for pFTLE ridges or negative for nFTLE ridges. 
C. Numerical Simulation
The simulation data used in the LCS analysis was generated with the immersed boundary projection method.
47, 48 Two-dimensional incompressible ow was simulated with the projection-based solver on a Cartesian grid on which the immersed boundary technique was utilized to create a circular cylinder. The boundary force was treated as a Lagrange multiplier and was determined fully implicitly using a null-space and fast Fourier transform method. The approach enforces the no-slip boundary condition along the cylinder surface through a single projection. The immersed boundary method used in the present study achieves accuracy order of 2 and 1.5 in time and space, respectively.
The immersed boundary projection method was validated for a wide variety of ow problems including the steady and unsteady viscous ow over a circular cylinder. 
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The static pressure was collected using an Omega PX409 wet-dry dierential pressure transducer and a National Instruments PXIe DAQ system. While the experimental cylinder ow at Re = 9000 is three dimensional, recent work has shown that planar FTLE calculations are not aected by the three-dimensionality of the ow when the vortex is nearly perpendicular to the PIV plane. 
III. Results
For the purposes of this paper, FTLE and Q criterion were calculated at twelve instants of time that span one period of fully-developed vortex shedding in the numerical data. criterion. This breaking of the nLCS depicts the loss of hyperbolic particle attraction along that segment of the nLCS ridge, and is even easier to identify than the change of nLCS curvature (inection point). The gap along the ridge, indicating a loss of hyperbolic attraction, is necessary for the entrainment and rotation of uid in this region.
In this particular simulation, the formation of the new CW vortex is observable at the same time and location with FTLE and with the Q criterion; a light grey region extending from the cylinder surface is clearly seen in the same region as the nLCS inection point in gure 3(g). It is important to note, however, that in velocity data measured from experiments, an isosurface of 1% Q max or 10% Q max is more commonly used to avoid errors in vortex identication due to noise. The evolution of the pLCS and nLCS makes it possible to identify vortex formation from the data earlier in the time series than it is observable using Q in more general applications.
Experimental results at Re = 9000 for a portion of the shedding period are shown in gure 5. The colorbar displayed in gure 5(b) is for the Q criterion, and is the same for each subgure. All images display the LCS as FTLE values greater than 67% of the maximum FTLE value. A threshold of 1% Q max was used to highlight the vortex cores, while removing some of the erroneous regions caused by noise in the a stationary location on the cylinder surface, which was closest to the initial saddle point location, and is non-dimensionalized by the cylinder diameter. Figure 6 was generated using the same set of data used in gures 34.
When considering the saddle point distance traveled from the cylinder surface, it can be inferred that there are three dierent phases that make up the vortex shedding process. The rst phase is during the vortex formation that occurs between 0 and approximately 1/2 of a period. In this time frame (corresponding to gure 3(a) to gure 3(i)) the vortex is forming behind the cylinder and the saddle point moves downstream only slightly as the vortex grows in size. In this phase of vortex shedding, the saddle point track is nearly horizontal as indicated by the solid black line in gure 6. The structure then separates from the cylinder between t/T = 5/12 and t/T = 11/12 (gure 4(a) to gure 4(i)). This is apparent in gure 6 as the saddle point accelerates away from the cylinder surface until reaching a constant velocity around t/T = 11/12, as indicated by the dashed line in gure 6. At this point, the vortex is separated completely from the cylinder surface, and both the vortex and the saddle point move downstream at a nearly constant convection speed that is roughly 60% of the free stream velocity.
In the track of the vortex core as identied by location of maximum Q value (red squares), there is no clear change in the core trajectory between the times when the vortex is forming, and when it sheds. There is a slight increase in downstream velocity (as indicated by increased slope in gure 6), but this change is gradual, and cannot be used to identify a shedding time. here are novel in that we use saddle point tracking in related numerical and experimental data sets in order to demonstrate the robustness of the method, and its potential in a wide range of applications involving vortex formation and shedding due to uid-structure interaction.
In the cylinder near wake, the upstream saddle point for each vortex is located on the cylinder surface while the structure is still forming. Once the saddle point (highlighted with the green box in gures 34) lifts o the cylinder surface, the vortex begins to move downstream from the cylinder and sheds around t = 5T /12
(gure 3(i)). These saddle points are important since they are consistently observable components of the ow topology, robust to velocity eld perturbations and noise inherent in experimental data. In the case considered here, using the point of maximum Q criterion to track the vortex core shows gradual motion away from the cylinder. This tracking method, which uses the ow eld gradient, would not be reliable in more error-prone data sets such as the experimental data presented.
The methods used in the current analysis can be applied to a variety of ows and Reynolds numbers as long as the vortices induce distinct coherent motions in the ow that would be evident in the particle ow maps. The LCS would then still nd transport barriers near the boundaries of the vortices, and the results should qualitatively be similar to the current results. One issue that may arise from a large increase in Re is an appropriate implementation of the method. Higher Re would create a separation of length-and timescales of the coherent motions in the ow eld, and a more careful approach regarding ow map integration time may be needed. If the vortex shedding can be associated with the dynamics of the large-scale structure,
however, a similar implementation should produce similar results.
The current observations provide new insight to the fundamental understanding of vortex formation and shedding. The positive-time FTLE ridges indicate where ow will diverge by the integration time τ .
Therefore, regions around upstream saddle points could be candidates for further research in order to map the connection between the LCS dynamics with the observable quantities on the cylinder surface, such as pressure and velocity. This framework will have implications for unsteady ow modeling and ow control, exploring the possibility of dictating the behavior of the total ow eld by focusing on the key topological points uncovered by the LCS analysis.
By incorporating an LCS analysis with well-established Eulerian vortex identication methods (Q criterion), we are able to establish new identication criteria for vortex roll up and shedding in the wake of a circular cylinder in cross-ow. The LCS analysis is more computationally intensive to calculate, but its phenomenological nature might lend it to schemes for identifying these physical events automatically from data with minimal user input and interpretation.
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